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Classical Mechanics Notes ~ Chapter 7 4-20-2022
The Lagrangian, Constrained Motion, Degrees of Freedom, Applications....

Constrained Motion — When a particle is restricted geometrically in the sense that it must stay on a
definite surface or curve, the motion is said to be constrained. Examples of constrained motion include a
simple pendulum, a piece of ice sliding in a bowl, or a bead sliding on a wire.

Oftentimes, with constrained motion, writing the Lagrangian and subsequent equations of motion can
be less of a chore as there are fewer variables needed to describe the motion. For example, when we
wrote the Lagrangian for a simple pendulum, instead of writing out a force diagram, breaking up forces
into their components, and using trig to write a differential equation describing the motion, we
identified a single variable, 8, that we used to write the Lagrangian, and from there, we backed out the
equations of motion. L £ 4 L e
5?“@ ‘\E) }e\‘ booo-
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Today, we will examine: 1.) the simple case of a particle sliding along a hemisphere, also described with
a single variable, then extend our application to determine the normal force (described as a force of
constraint) acting on the particle, 2.) a mass sliding along a wire in the shape of a cycloid, 3.) a mass
sliding down a moving incline, which involves the use of 2 variables to describe the motion, and time
permitting, we will kick up the complexity just a bit to examine the motion of a bead on a rotating wire
in the shape of a parabola (if we don’t finish this last one in class or don’t get to it, if you have time, you
should try solving it over the weekend. It's problem 7.41 on page 288 of your text).

Before proceeding, let’s revisit the simple parabola and recall that we used a single variable, 6, to
express the equations of motion using the Lagrangian. Below, you will find pictured a double pendulum
with masses attached to an inextensible string, then the same configuration, only one of the stringsisa
rubber band that is not rigid, but can stretch.
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Instead of using a single coordinate to describe the motion as we did with the simple pendulum, the
double pendulum having the 2 inextensible strings requires two coordinates to describe the motion, 8,
and 82. What do you think about the string with the rubber band? We’'ll need yet a third measurement
to describe the length, I%of the stretching rubber band. '

Remark: A coordinate g« can be an angle or a distance

DEFINITION — The number of degrees of freedom refers to the number of coordinates that can be

independently varied in a small displacement- that is, the number of directions in which a system can
move from any initial configuration.

Just for practice, consider some of the sketches below and determine the number of degrees of freedom
you think are associated with each one.
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When the number of degrees of freedom of an N-particle system in 3 dimensions is less than 3N, the
system is said to be constrained. In two dimensions, the corresponding number is 2N.

DEFINITION - A holonomic system has n degrees of freedom and can be described by n generalized
coordinates, qi, gz, ..., gn. In addition to specifying the configuration of a system, each coordinate in a
holonomic system can vary independently of the others. By way of contrast, there are non-holonomic
systems where the coordinates cannot vary independently. Here, the number of degrees of freedom is
less than the minimum number of coordinates needed to specify the configuration. Because of their
complexity, Taylor tells that he is limiting his applications to holonomic systems only.
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Constrained Motion — When a particle is restricted geometrically in the sense that it must stay on a
definite surface or curve, the motion is said to be constrained. Examples of constrained motion include a
simple pendulum, a piece of ice sliding in a bowl, or a bead sliding on a wire.

Oftentimes, with constrained motion, writing the Lagrangian and subsequent equations of motion can
be less of a chore as there are fewer variables needed to describe the motion. For example, when we
wrote the Lagrangian for a simple pendulum, instead of writing out a force diagram, breaking up forces
into their components, and using trig to write a differential equation describing the motion, we
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Today, we will examine: 1.) the simple case of a particle sliding along a hemisphere, also described with
a single variable, then extend our application to determine the normal force (described as a force of
constraint) acting on the particle, 2.) a mass sliding along a wire in the shape of a cycloid, 3.) a mass
sliding down a moving incline, which involves the use of 2 variables to describe the motion, and time
permitting, we will kick up the complexity just a bit to examine the motion of a bead on a rotating wire
in the shape of a parabola (if we don’t finish this last one in class or don’t get to it, if you have time, you
should try solving it over the weekend. It's problem 7.41 on page 288 of your text).
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Before proceeding, let’s revisit the simple parabola and recall that we used a single variable, 9, to
express the equations of motion using the Lagrangian. Below, you will find pictured a double pendulum
with masses attached to an inextensible string, then the same configuration, only one of the stringsis a
rubber band that is not rigid, but can stretch.
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Instead of using a single coordinate to describe the motion as we did with the simple pendulum, the
double pendulum having the 2 inextensible strings requires two coordinates to describe the motion, 8;
and 8;. What do you think about the string with the rubber band? We’ll need yet a third measurement
to describe the length, I.%of the stretching rubber band.

Remark: A coordinate gx can be an angle or a distance

DEFINITION — The number of degrees of freedom refers to the number of coordinates that can be

independently varied in a small displacement- that is, the number of directions in which a system can
move from any initial configuration.

lJust for practice, consider some of the sketches below and determine the number of degrees of freedom
you think are associated with each one.
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When the number of degrees of freedom of an N-particle system in 3 dimensions is less than 3N, the
system is said to be constrained. In two dimensions, the corresponding number is 2N.

DEFINITION - A holonomic system has n degrees of freedom and can be described by n generalized
coordinates, gz, gz, ..., da. In addition to specifying the configuration of a system, each coordinate in a
holonomic system can vary independently of the others. By way of contrast, there are non-holonomic
systems where the coordinates cannot vary independently. Here, the number of degrees of freedom is
less than the minimum number of coordinates needed to specify the configuration. Because of their
complexity, Taylor tells that he is limiting his applications to holonomic systems only.
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